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K. P. Walker A. D. Freed
Engineering Science Software, Inc. NASA-Lewis Research Center
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Abstract

New methods for integrating systems of stiff, nonlinear, first order, ordinary differential equations
are developed by casting the differential equations into integral form. Nonlinear recursive relations are
obtained that allow the solution to a system of equations at time ¢ + Al to be obtained in terms of
the solution at time ¢ in explicit and implicit forms. Examples of the accuracy obtained with the new
technique are given by considering systems of nonlinear, first order, differential equations which arise in
the study of unified models of viscoplastic behavior, the spread of the AIDS virus, and predator-prey
populations. In general, the new implicit algorithm is unconditionally stable, and has a Jacobian of
smaller dimension than that which is required by current implicit methods, such as the Euler backward
difference algorithm, yet it gives superior accuracy. The asymptotic explicit and implicit algorithms are
suitable for solutions that are of the growing and decaying exponential kinds, respectively, whilst the
implicit Euler-Maclaurin algorithm is superior when the solution oscillates, i.e., when there are regions
in which both growing and decaying exponential solutions exist.

1 Introduction

In many scientific fields, systems of first order ordinary differential equations are used to model physical
processes of interest. These equations are often coupled, mathematically stiff and/or nonlinear, thereby
requiring special numerical algorithms for their solution [1]. Solutions for such systems of equations typically
require an excessive number of very small time steps in order to retain both stability and accuracy when
integrated with an explicit forward difference method—like the forward Euler method, which is conditionally
stable—even when a self-adaptive time stepping scheme is used. The implicit backward Euler method
provides a stable integration algorithm that is asymptotically accurate for both very small and very large
time steps; however, it loses accuracy over some intermediate range of time step size [2, 3|, because the
first order Taylor expansion of the Euler method cannot simulate the exponential solution of the first order
differential equation. :

Alternative solution techniques are developed herein, where the differential equations are cast into inte-
gral form. The integrands of these integrals are then expanded into Taylor or Euler-Maclaurin series, and
integrated term by term. Expanding about the lower limit of the integral, ¢, leads to an explicit formulation
whose stability for exponentially decaying solutions is unconditional in the linear approximation and in the
exact solution, but it is only conditionally stable for quadratic and higher approximations. In order to retain
accuracy, even in the unconditionally stable cases, the time increment must be monitored in the explicit
formulation. The explicit algorithm provides an asymptotically accurate representation when the solution
is of the exponentially growing type, but is not asymptotically accurate for decaying exponential solutions.
On the other hand, expanding about the upper limit, t + At, leads to an implicit iterative formulation
whose stability for exponentially decaying solutions is unconditional. The implicit algorithm provides an
asymptotically accurate representation when the solution is of the exponentially decaying type, but is not



asymptotically accurate for growing exponential solutions. The explicit and implicit solutions are therefore
complementary in providing correct asymptotic representations for growing and decaying exponential so-
lutions. Expanding about both limits leads to an implicit Euler-Maclaurin formulation whose stability is
conditional, but whose accuracy is often better than either of the preceding approaches, especially when the
solutions are oscillatory in nature and contain both exponentially growing and decaying components.

The explicit algorithms can be resolved using a self-adaptive time stepping technique, whilst the implicit
algorithms can be resolved using Newton-Raphson iteration, whose convergence is quadratic.

A method similar to that which is proposed here was developed by Dennis [4] to integrate homogeneous,
first order, ordinary differential equations with exponential type solutions. He was thus absolved from
evaluating the integral contributions in the nonhomogeneous terms; a task which forms the bulk of the
present paper.

The paper begins with some discussion on notation. This is followed by an overview of the various
algorithms derived herein for the integration of first order ordinary differential equations; this is a synopsis
of the paper. The reader who is only interested in the application of these algorithms may skip ahead to the
last section where four examples are addressed. Sections 4-7 give the derivations of the algorithms presented
in the overview, section 3. Section 8 provides solution methodologies for these algorithms. The last section
applies the results of this paper to four examples: a first order ordinary differential equation whose solution
is known, thereby allowing the accuracy of the various algorithms to be assessed; a population mode] for
the spread of the AIDS virus; the classical predator/prey population model of Lotka and Volterra; and a
viscoplastic model used by the authors for the description of metallic deformation at elevated temperatures.

2 Notation

In this paper we address a general system of N, first order, ordinary differential equations of the form
Xi+:U1Xi=Vy (fori=1,2,...,N;no sum on i), (1)

where the X;[t] are the N independent variables to be solved for. These independent variables may be scalar,
vector, or tensor valued; for example, in our native rescarch field of viscoplasticity, N = 13 typically, where
two of the variables are symmetric second rank tensors and the third is a scalar [3, 5, 6, 7). The dot ‘"’
is used to denote differentiation with respect to time, t. We choose time to be the dependent variable for
illustrative purposes, as it so often is in physical applications; however, this is not a necessary restriction on
the theory. The square brackets [-] are used to denote ‘flunction of’, and are therefore kept logically separate
from parentheses (-) and curly brackets {-} which are used for mathematical groupings.

The parameters ;U [X¢[t], 1] and ;V4 [Xk[t], t] are, in general, functions of the variables Xi[t] and ¢. If
neither parameter is a function of the independent variables, X, then the system of equations is said to be
linear; otherwise, it is nonlinear. To simplify the notation, we use square brackets containing time to stress
the dependence of any variable on both X;[t] and ¢, For example, we write the integral AI[A¢] to denote
that the integral AT depends on either X[t + At] or Xi[t], and At. Similarly, ;U;[t + At] and ;W1[t + Al]
denote the values of the parameters ;U; [Xi[t + At], t + At] and ;V; [ X[t + At],t + At] at time t+ At. These
parameters have the following notations associated with them:

JUlt) = /: iUy [r]dr, Vit = /Tt Vi[r]dr,

=0 =0
{ft] = :'Ql[i], Valt] = ,-"'(l[t],
Uslt] = :Uh 1], iValt] = Wilt],
elc.,

where ;U[0] = ;V[0] = 0 and ¢ > 0. Only for the parameters U and V are subscripts used to denote the
order of differentiation, unless explicitly stated otherwise.

The asymptotic, implicit, Taylor algorithms are best suited for the case where ;U;[t] > 0 and ¢ € [0, 00),
whilst the asymptotic, implicit, Euler-Maclaurin algorithms are suitable for those cases in which the sign of
;U1 [t] is arbitrary or changes during the integration.



3 Overview

This paper transforms a first order ordinary differential equation into an integral form, and then exploits
integration algorithms of varying degrees of accuracy for effecting the quadrature. Implicit solutions are
based upon Taylor expansions of the integrand about some future time, ¢ + At. Explicit solutions consider
Taylor expansions of the integrand about the current time, {. And the implicit Euler-Maclaurin solutions
are derived from Euler-Maclaurin expansions of the integral about both the current time, ¢, and the future
time, t + At. The degree of accuracy of a particular solution depends upon how many terms are kept in the
series expansions.

In many of the derivations that follow, and without loss in generality, it is useful to consider a single,
first order, ordinary differential equation, i.e.

X“I’UIX:VX) (2)

instead of the system of equations given in (1), thereby removing some excessive notation. Only in the
last two sections of the paper is it necessary to distinguish between the various equations that make up the
system, and hence the more detailed notation of (1) must be used.

Integrating this first order differential equation, one acquires the well known solution

- ~-U A wpran-uge) 9VIE]

X[t + At] = X[t]e Ult+at-vnD 4 e~ (Ult+a1)-UleD -a_s_df, (3)
£=t

which is written here in recursive form, and which corresponds to equation (14) in the text. A recursive

solution is particularly advantageous for numerical applications. The nonrecursive form of equation (3)

was developed by Bernoulli [8, 9] in the seventeenth century®, and will be referred to here as the Bernoulli

solution.

3.1 Bernoulli Solution

Whenever U; and V; are both constant valued, i.e. independent of both X and ¢, the differential equation (2)
is linear and the recursive integral equation (3) can be integrated exactly resulting in

X[t + Af] = X[t] e V8t 4 gi (1 - e~Urat) )

This is an exact integration of a linear, first order, ordinary differential equation with constant coefficients.
The purpose of this paper is to obtain Bernoulli type solutions (both approximate and exact) for nonlinear,
first order, ordinary differential equations by expressing them as linear equations with variable coefficients.

3.2 Linear Solutions
After applying a sequence of three Taylor series expansions to the recursive solution (3), we obtain the

following implicit,

_ , Vit + At] - .
~ U, [t+At] At 1 _ =Uit+aAt)-Ar
X[t + At] ~ X[t]e + ATV (l e ) (expand about ¢ + At), (5)

and explicit,

X[t + At] =~ X[t] e~ Vil a1 4 -[‘J/I—[[tt]] (1 - e"U’m'A‘) (expand about t), (6)
1

‘linear’ approximations for the integration of a general, first order, ordinary differential equation. Similarly,
after applying a sequence of three Euler-Maclaurin series expansions to the recursive solution (3), we obtain
the following ‘linear’ trapezoidal approximation,

X[t + At] ~ X[t] e—%(U,[t]+U1[t+At])4At + % (Vl[t] e-%(U,[t]+U,[t+At]).At + Vl[t+ At])'At, (7)

*The solution obtained by John Bernoulli in 1697 was expressed as a quadrature since the integral of dz/z in the form of a
logarithm was not generally known until later that same year.



for the integration of a general, first order, ordinary differential equation, where this expansion is equally
weighted about the two limits of integration, i.e. t and ¢ + At.

These three solutions correspond respectively to equations (19), (21), and (25) in the text. We refer to
these equations as linear, even though they are nonlinear in the solution variable X, because the three series
approximations used in their derivation were each truncated after their linear term. The fact that U; and
Vi are not constant valued, in general, is the distinguishing feature between the linear approximations (5)
and (6) and the Bernoulli solution (4) to the first order differential equation (2).

3.3 Quadratic Solutions

A more accurate representation of the integrated solution to (2) is arrived at by retaining the higher order
derivatives in the three series approximations. Upon truncating the Taylor expansions after their quadratic
terms, we obtain the implicit,

X[t+At] =~ X[t]e-(Uilradac-fuaitaganc) |

Uslt + At) (2n)! Vi[t + Af] _uipeagar = (Uit + Af)-Ap™
+ Z(2U1t+At ) { n! Ult + Af] 1-e ';] m! -

2n + 1)! Vot + At IOV (/A AtAt"
_( J)Ulz[E:At]]z(l_ Uilt+at)a Z( + ] ))}, 8)

and explicit,

X[t+At] ~ X[t]e-Wllat+italar’) 4
oo n 2n
- }U,[1] at? Uz[t]) (2n)! Vi[t] _pmO-AY)™  _pipac)
toe Z_:(Qul[z]z AT DLt i e

m=0

2n+41
(271; Ht (;/12[:]]2 (Z( 1)k x (Ui[t] At) —Ul[t]»At)}, )

‘quadratic’ approximations for the integration of a general, first order, ordinary differential equation. Like-
wise, by truncating the three Euler-Maclaurin expansions after their quadratic terms, one obtains the fol-
lowing ‘quadratic’ Euler-Maclaurin approximation,

X[t+ Al = X[g]em oA 41 (%[t] e AVA L Vit 4 At]) At +
+ & (e e _ vyt + aY) At +
+ 5 (Ve (LWl + Uit + AY) — QU1 + Ualt + Ad])-AL— LUsli)-ae) -

— Ut + AWt + At]}~At2, (10)
for the integration of a general, first order, ordinary differential equation. Here
AV[AL = L(UL[t] + Ur[t + AL))- At + L(U5[t] — Uyt + At])-AL?

is the argument of the exponential used above.

These quadratic approximations correspond to equations (37), (41), and (44) in the text. The quadratic
implicit and explicit approximations reduce to their linear counterparts stated above whenever U; and
V, are both zero valued. However, the quadratic Euler-Maclaurin approximation does not reduce to its
linear counterpart under similar conditions, because of the U; and V; terms in the curly brackets {-} of
equation (10). Only when U; and V, are both zero valued and At <« 1 does the quadratic Euler-Maclaurin
solution reduce to its linear counterpart. This is because the correct asymptotic solution of the differential
equation (2), i.e. Vi/Uj, resides solely in the linear term of the Taylor approximations, but it does not



reside in the linear term of the Euler-Maclaurin approximation. Higher order terms are needed in the
Euler-Maclaurin solutions to obtain a good asymptotic solution to the differential equation.

The infinite sums on n in (8) and (9) must be truncated in numerical applications. Their rates of
convergence are governed by the ratio Us/UZ, and by the expressions in the last parenthetical bracket ()
appearing after the sum on n. Both of these expressions go to zero as n goes to infinity. Therein the sums on
m represent the first n terms in an exponential series. The difference between the sum and the exponential
goes to zero with increasing n even more rapidly than the expressions themselves.

3.4 Exact Solutions

Finally, exact solutions for the integration of (2) are obtained by retaining all the derivatives in the three
Taylor series expansions that are used in its derivation. For the implicit solution we obtain

X[t+At] = X[t]e'A"[At]+
b Y b (-1 L2 ( Va-isalt + A] )x

m=0n=0k=0 m! (n - k)' Ul [t + At]"+2m+l
n+2m
t]-At)
[ 1 = e~ Urlt+atat Z (ULt +;A| |- At) ) , (11)
p=0 )

whilst for the explicit solution we obtain
X[t+ Al = X[t]e~2%ad 4

- - . - n4+2m n + 2m)! Vo L
+ o (@AAN-TAILA) K TN TN Th p (—1)nF? rSz!(n—k))! (Uxﬁ]"k:;'u‘) *

m=0n=0k=0
n+2m
x ( S (Gl A e'”*[‘l'“) , (12
p=0 )

which correspond to equations (57) and (63), respectively, in the text. Here

AY[AL] = i(—l)"“(—]“[t—nTA—t]At"

n=1

and

U,lt]

n!

AO[AL] = f:
n=1

are the arguments of the exponential functions found in (11) and (12), respectively. Truncating the series
in these solutions after their linear and quadratic terms leads to the linear and quadratic approximations
listed above. Other higher order approximations, e.g. cubic and quartic, can likewise be derived from these
exact solutions. As an aid to the reader interested in their development, Table 1 presents some of the lower
order elements that define the matrices bp, , given in equations (52-54) and (60-62) for the implicit (11)
and explicit (12) exact solutions, respectively. The subscript notation of the matrix b, n denotes summing
indices; they are not differentiation indices.

For the numerical analyst interested in evaluating a large number of derivatives, the explicit solution
would be the appropriate ‘near’ exact solution to use, because it does not require iteration. The exact
implicit solution is presented for those who are interested in constructing higher order implicit algorithms
than the quadratic one which is presented herein.



Table 1: Elements of the matrix by ,.

U, = U, [t + At] for the implicit case in Eq. (11).

Un = U, [t] for the explicit case in Eq. (12). All the elements b n=oda are prefixed with a positive sign.

boo=1, bo,1 =0, bo2 =0, bo3 =0, bo,a = 0, bos =0

U, U, Us Us U,

—_ U2 —_ —_ -4 __ 75 — 26 —_
bio= 2 b1y = 6 b2= 24 biz= 120’ bia= 720" by = 5040
, _u b = _UaUs ; _3U,U, + 202 b . — _3UaUs +5U3U,
2,0 — Ik 2,1 = 6 ’ 2,2 — 72 ) 2,3 — 360 )
A _ 4U,Us + 8U Uy + 5U2 b - — _8UsUs + 140U + 21U,Us
247 2880 ’ 25 = 30240
; _u , _ ViU, 5 _3U3U, + 4U,U3 ; _ _2TU2U; + 90U, UsU, + 20U3
3,0 = 3’ 3,1 = g 3,2 = __96 ’ 3,3 = 2320 )
6UZUs + 24U,U3Us + 15U,U2 + 20U2U,
b3,4 = ’
5760
6UZU; + 28U, U, U, + 42U,U, Uy + 28U2U; + 35U,U2
by5 = —
’ 40320
) _u ; __U3U, 5 _ U3U, + 203U ; _ _SU3Us + 45U3U,U, + 20U,U3
4,0 - 16 ’ 4,1 - 12 ) 4,2 - 48 ) 4,3 it 2160 H
36USUs + 216U2U,U5 + 135U2U2 + 360U, U2U, + 40U2
bya = )
51840
b 18U3U; + 126U2U,Us + 189U2U, Uy + 252U,U3U; + 315U,U,U2 + 140U3U,
45 = 181440
b _u b __5U3U, bl_w%m+«wﬂg 5 _ _9U3Us + 60U3U,U, + 40U3U3
5.0~ 397 217 7796 5,277 1152 : 8,3 = 3456 :
OUSUs + T2U3U3Us + 45U3U2 + 180U2U2U, + 40U, U3
bs 4 = )
20736
b _ 203U, + 252U3U,U, + 3T8UBU, U, + T56U2U2U, + 945U2U,U2 + 840U,U3U, + 56U%
55 = —

435456




4 Recursive Integral Equation

One can integrate the differential equation (2) over the time interval [0, + At] by introducing an integrating
factor, and thereby obtain

t+At t4+At
X[+ A = XoeUl+ady / exp [_ / aUTr] d,] OVIEl 4o

£=0 =£ 6T 66
t+ At

= Xge-Ult+ad] +/ e~ (Ult+21-U[€) 318/6[5] de, (13)
£=0

where Xy = X[0]. The integral in this equation is the nonhomogeneous contribution to the solution of the
differential equation. This integral equation can be cast into a recursive relation by dividing the interval of
integration into two parts, viz

A
Y -wan-viey VI 4

i
X[t + At] = Xpe~Ult+a1 4 f —
=t a{

o~wian-vien VI 4o | /
§=0 65 4

Substituting the identity 1 = exp[—U[t]] exp[U[t]] into the first integral of this equation results in

Ult4A1-U ‘ vi-vien 9Vl
X[t+Af] = Xo e~ Ult+atl 4 o~ (Ult+al]- [t])/ e—(Ult- m)_ag—d“
§=0
A
+ / T -wuran-viey OVE 4
£=t 66 ’

which simplifies to the desired recursive integral equation

o oV
X[t + Af] = X[f] e Ul+a0-VID 4 / o~ (Ul+A-UlE) T . (14)
=t

whose derivation made use of (13) when integrated over the time interval [0,1].
The recursive integral equation (14), which is an exact solution to the first order ordinary differential
equation (2), is practical only when a solution exists for evaluating the integral

t4 4t

AllAt) = / ¢~ (Wit+a1-Ule) a_g&[_gd& (15)

¢=t

which appears in (14). This integral will be referred to as the nonhomogeneous integral, because it represents
the nonhomogeneous contribution in the solution to the first order ordinary differential equation (2). The
need to obtain solutions to integral (15) in order to develop integration methods for stiff, first order, differ-
ential equations was pointed out by Hamming [10], but as for its solution, he left “the details to the reader”.
In this paper several different solution strategies are presented for this integral. They differ in their approach
(¢.e. implicit and explicit Taylor, or implicit Euler-Maclaurin) and in their accuracy of approximation (i.e.
the number of terms kept in their series expansions).

4.1 Asymptotic Integration

For the asymptotic Taylor algorithms developed in this paper, we assume that U,[t] > 0 for t € [0, 00), so
that U[t] = fnt Ui[r] dr is a monotonically increasing function of time. The nonhomogeneous integral (15) is
then a Laplace integral [11, 12, 13, 14] where the integrand has its largest value at the upper limit, ¢t + At,
and possesses an evanescent memory of the forcing function 8V [€]/9¢. This fading memory means that the
solution will depend mainly on the recent values of the forcing function, and by concentrating the accuracy
on the recent past we obtain accurate asymptotic representations of the solution.

In the implicit solution, the integrand is expanded in a Taylor series about the upper limit, t + At, where
the integrand has its largest value and contributes most to the integral. By retaining just a few terms in the



Taylor series expansion the integrand is accurately approximated where it is largest, and the neglect of the
higher order terms is only felt near the lower limit, {, where the integrand contributes only a small amount
to the integral because of its exponential decay from the upper limit. The neglect of the higher order terms
in the Taylor series thus results in an algorithm that is asymptotically correct at the upper limit. Normally,
when treating asymptotic expansions, the exponential decay of the integrand allows the lower limit to be
replaced with zero or minus infinity to ease the integration. This is not done in the present case, however,
so that by retaining the lower limit as t, we obtain a uniformly valid asymptotic algorithm in the implicit
approximation whenever U;[t] > 0. When the infinite Taylor series is kept the exact integral is obtained.

In the explicit solution, the integrand is expanded in a Taylor series about the lower limit. The neglect of
the higher order terms in the Taylor series results in an integrand that becomes progressively more inaccurate
as we approach the upper limit of the integral, where the contribution from the integrand is most important.
The explicit approximation is not, therefore, a valid asymptotic representation of the integral when the
Taylor series is truncated at a finite number of terms. However, the exact solution is recovered when the
infinite Taylor series is kept in the integrand. This exact solution necessarily differs from the exact implicit
_solution. e -

Whenever U [t] < 0 and therefore U[t] becomes a decreasing function of time, the reverse situation occurs.
In this case the asymptotic solution is now obtained by expanding the integrand about the lower limit, ¢,
where the integrand contributes most to the integral. Now the implicit method, obtained by expanding
about the upper limit, does not give a valid asymptotic representation of the integral.

In the case where U;[€] changes sign in the time interval from ¢ to ¢ + At, it may become necessary to
determine the time ¢ € [t,t + At] where this occurs. We then have

t+4
AT[Al = / © e-wiran-uey VI 4o / - wian-vien OVIE 4o
£=t 0 §=¢ 85

If U1[€] > 0 for £ € [t,¢] and U;[€] < 0 for € € [, + At], an asymptotic representation of (15) can be found
by expanding the integrands in both integrals about £ = {. On the other hand, if U,[¢] < 0 for £ € [t,¢] and
Up[€] > 0 for € € [¢,t + At], then an asymptotic representation of the nonhomogeneous integral (15) must
be sought by expanding the integrand in the first integral about the lower limit £ = ¢, and by expanding the
integrand in the second integral about the upper limit £ =t + At.

Many differential equations have regions where the derivative 8V [¢]/8¢ in the nonhomogeneous integral
(15) grows more rapidly with time than the exponential decays, whilst others have regions where U,[¢] < 0
and the integrand grows exponentially. In such cases, the asymptotic Taylor algorithms must use sepa-
rate points about which the integrand is expanded. An alternative strategy is to evaluate the integral by
trapezoidal or more accurate integration schemes. We may, for example, approximate the nonhomogeneous
integral (15) with the asymptotic Euler-Maclaurin expansion.

The Euler-Maclaurin expansion provides the value of the integral from a knowledge of its integrand, and
the integrand’s higher order derivatives, evaluated only at the two limits, ¢ and ¢ + At. This is an important
consideration, because this type of integration method is implicit. If other quadrature methods—such as
Gaussian integration—were used, the integrand would have to be evaluated at a number of intermediate
points between t and { + At, and therefore implicit iterative procedures would be required at each quadrature
point.

4.1.1 Implicit Variable Change

Implicit asymptotic solution strategies for the nonhomogeneous integral (15) with U;[t] > 0 are obtained by
expanding its integrand into a Taylor series about the upper limit, ¢ + At, where values for the variables
are unknown, and therefore the solution technique must be iterative. To simplify the derivation of these
strategies, it is useful to transform this integral into the equivalent relationship,
At
AT[AY] = _/ - Wlt+ag-Ut+ar-z) VL AL — 2] (16)

2=0 az ’

by introducing the change in variable z = + At — £.

8



4.1.2 Explicit Variable Change

Explicit solution strategies for the nonhomogeneous integral (15), on the other hand, are obtained by ex-
panding its integrand into a Taylor series about the lower limit, ¢, where values for the variables are known.
To simplify the derivation of these strategies, it is useful to first multiply the integrand by the identity
1 = exp [-U|t]]exp [U[t]], and to then transform the resulting integral into the equivalent relationship,

At
st = -Ctead-o) [ oeevp Wt g, a7)
2=0 z

by introducing the change in variable z = § — 1.

5 Linear Solutions

The simplest approximation that one can make to gain a solution for the first order ordinary differential
equation (2) is a linear one. Implicit, explicit, and trapezoidal formulations are considered below. These
solutions are referred to as being linear because the series approximations used in their derivations are
truncated after their linear term. However the resulting formula are not linear equations, because both U[t]
and V[t] may be functions of X[t].

5.1 Implicit Approximation

By expanding the arguments of the exponential and forcing functions of integral (16) into Taylor series—uviz.
Ut + At—z] = U[t+ At} — Uy[t + At]-z + h.o.t., where h.o.t. means higher order terms, and a like expansion
for V[t + At — z]—this integral can be rewritten as

At
AI[A] ~ / e~ViltHATs Vi [y 4 At dz, (18)
z2=0
which when integrated gives
Vi [t + At] U {t+At]- At
AllAl] = Urlt + Af] (1 ¢ )

for an approximation to the nonhomogeneous integral (15). Substituting this result into the recursive integral
equation (14) leads to the desired approximation [3, 5],

~ —uit+agar , Valt+ At] —U\[t+At -At)
X[t + At)~ X[t]e rary AT (l—e [t+adad) (19)
which is the linear, implicit, recursive solution to the first order differential equation (2). The derivation of
this result also made use of the Taylor approximation U[t+At—At] = U[t] = U[t+At]-Uy[t+At]-At+h.o 1.
in the exponential term found in the homogeneous solution, i.e. the non-integral term in the recursive
solution (14). This is an implicit representation because the parameters U; and V) are both evaluated at a
future time, ¢ + At, and are therefore unknown a priori.

5.2 Explicit Approximation

Similarly, by expanding the arguments of the exponential and forcing functions of integral (17) into Taylor
series—viz. Ult+2] = U[t] + U1[t]-z + h.o.t., and a like expansion for V[t + z]—this integral can be rewritten
as at
AI[At] ~ e~ Vrlihat / eV1lt2 v [t] dz, (20)
z2=0
where the series expansion U[t + At] = U[t] + U1 [t]-At + h.o.t. was applied to the exponential term in front
of the integral in (17). Integrating this relationship gives

AIlAL] ~ 5—11{[2—]] (1 _ e—Ul[t]'At)



for an approximation to the nonhomogeneous integral (15). When this result is combined with the recursive
integral equation (14), one obtains the desired approximation

Wt

X[t + At] = X[t e-Vilirae  Vill] (1 - e—U‘[']'A') : (1)
Urlt]

which is the linear, explicit, recursive solution to the first order differential equation (2). This is an explicit

representation because the parameters U; and V| are both evaluated at the current time, ¢, and are therefore

known.

5.3 Trapezoidal Approximation

By using an Euler-Maclaurin quadrature to expand the integrand about its limits of integration [15], we
obtain

AI[A) ~ F(f[t] + f[t + At])-At (22)

as a linear tr!a:;;;zoidral approximation to the nonhomogeneous integral (15). Here the function f[¢] is defined
as the integrand of (15), which has the form

fle] = e Wl+aa-vkd V¢

t4 At
Vi[€] exp [_ / s d-r]. (23)

=

The integral in (23) can also be represented by an Euler-Maclaurin expansion, thereby allowing the function
J[€] to be approximated by the expression

flE] = Vi[€] exp [~ 5 (Uh[€] + Unlt + AL (t + At - €)]

where once again the expansion is truncated after the linear term. Combining this result with equation (22)
gives
AI[At] ~ % (‘/1 [t] e—%(U:[t]+U1[i+At])‘At + Vvl[t + At]) At (24)

for an approximation to the nonhomogeneous integral (15). Finally, substituting this result into the recursive
integral equation (14) leads to the desired approximation,

X[t + At] ~ X[t]e-g(ux[t}+ul[t+m])-m + % (V1 [1] e~ 3WiltlHUs[t+at])-Ar Vit + At])-At, (25)

which is the linear, trapezoidal, recursive solution to the first order differential equation (2). The derivation
of this result took the argument of the exponential in the homogeneous contribution of (14) to be expressed
as an integral—similar to the way in which the argument of the exponential in the function f[£] was handled
above—which was then expanded in an Euler-Maclaurin series and truncated after the linear term. This is
an implicit solution because both U [t + At] and V[t + At] appear in the solution, and therefore it must be
solved iteratively using a technique like Newton-Raphson iteration, as their values are initially unknown.

5.4 Discussion of Linear Solutions

Comparing the linear, implicit (19) and explicit (21), approximate, recursive solutions for the first order
ordinary differential equation (2) with the Bernoulli recursive solution (4), one notices that all three solutions
have the same functional form, except that U/; and V| are not constant valued in the implicit and explicit
solutions of {19) and (21). The implicit and explicit solutions differ between themselves only in when the
parameters U; and V; are evaluated, viz. at some future time, t + At, versus the current time, t. However
this does not imply that they have the same numerical characteristics, for they do not.

For large time steps, At > 1, with U; > 0, the exponential term becomes small compared with 1, and
the asymptotic expansions

lim X[t + Af < Al+ A (26)

At—large Ul [t + At] !

10
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Al KU+ A= 7o 27
and
lim X[t+ At] < $Vi[t + At]-At (28)
At—large

are obtained for the linear implicit (19), explicit (21), and trapezoidal (25) solutions, respectively. The
asymptotic expansion in (26) is the correct asymptotic solution to the first order differential equation (2);
the other two asymptotic expansions, (27) and (28), are not correct asymptotic solutions.

At the other extreme, for small time steps, At < 1, the exponential term has a value of about unity, and
(19), (21), and (25) reduce to

lim X[t+ At]=X[t]+ Vi[t+ At]-At+ k.o, (29)
At—small
A‘lim llX[t + At] = X[t] + Vi[t]- At + k.o.t,, (30)
—+8Ma
and
o im “X[t + At] = X[t] + 3 (i[t] + Vit + At])-At + koot (31)
—+Sma.l

which correspond to the classical Euler backward, Euler forward, and trapezoidal difference methods, re-
spectively, whenever U1 X is small compared with V.

Although the difference between the implicit and explicit approximations in (29) and (30) is negligible
for small At, the difference between (26) and (27) can be enormous for large At. If we start at ¢ = 0 and
apply a large time increment At, the solution V;[At]/U;[At] for the implicit approximation is asymptotically
correct, whilst that of the explicit solution, V1[0]/U1[0], corresponds to a ratio of the slopes of V and U at the
initial time, ¢ = 0. In the case of viscoplasticity, these situations correspond to a correct viscoplastic solution
in the implicit approximation, and an incorrect elastic solution in the explicit approximation, respectively.
In subsequent time steps the explicit approximation will oscillate around the true solution, but it will not
become unstable. These oscillations can be mitigated only by choosing smaller time steps. The implicit
approximation, on the other hand, is accurate for all sized time steps for exponentially decaying solutions.

In the case where V; is slowly varying and higher order derivatives can be neglected, the asymptotic limit
is V1[t + At]/U1[t + At], and not V;[t + At]-At/2. However, the current trapezoidal approximation provides
accurate values of AI[At] for intermediate time steps, and this is an important consideration in those cases
where the derivative V] in the integral swamps the exponential decay, or when U;[t] becomes negative and
asymptotic methods require expansions about appropriate limits.

6 Quadratic Solutions
Quadratic solutions for the first order ordinary differential equation (2) are derived in this section by using
y=Ut + At]-2 (32)
as a change in variable for the implicit solution, and by using
y=Uslt)z (33)
as a change in variable for the explicit solution. These quadratic approximations are derived in a similar
manner to the linear approximations determined above, but now the three Taylor series expansions are
truncated after their quadratic terms. Likewise, a quadratic Euler-Maclaurin approximation is derived by

expanding the integral solution (14) with three Euler-Maclaurin series, which are then truncated after their
quadratic terms.

11



6.1 Implicit Approximation

If the Taylor expansions used in the derivation of the linear implicit solution are truncated after their
quadratic terms rather than the linear ones, then (18) becomes

At
AIAl] ~ / e~ (Uilt+ade=4Ualt+8027) (Y1 [t 4 At] — V[t + Al]-2)dz, (34)
z2=0

which is a more accurate approximation to integral (16).
By introducing the change in variable (32) into (34), one obtains

U,[t+Atr]-At

AI[AL] ~ / e~V VAL (V[ 4 Af] — Vo[t + Al]-2) dz
y

dy,
=0 dy y

which, upon expanding the second exponential in the integrand into a power series, interchanging the order
of summation and integration, and differentiating the change in variable (32), enables integral (34) to be
written as

© 1/ Uslt+ Al \*
AI[AL] ~ Z{)m<m> x

n=

Wit + At /Ux['+A'1~A‘ =Y P dy — Vot + At] /U.[:+At]-m vy (35)
Uilt + At] Jy=o Uit + At)2 J, :

Noting that [16]

/w -v"dy—nt(l—e-wz ) (36)
y=0

which is the difference between the gamma and incomplete gamma functions, enables the two integrals in
(35) to be integrated, giving

NN Uslt+ A\ [ (2n)! Vit + AL _vnsanar = (Uilt + At]-AH™
AllAY = ;(QUT[t+At]2) { n! Uylt + Af] (l‘e plrads ngu : m! )"

n! Uit + At)? t k!

_@n+1)! Wi+ Al (1 L -UiltHAd Al "'"i‘ (ULt + At].At)") } '

This leads to the desired approximation

X[t+At] ~ X[t] —(U:[t+At]-At—%Ug[t+At]»At’)+

Ualt + Af] \" ] 2n)! Vit + A4 _vipragac 3 (Uilt+ AL-AD™
* Z(2U1t+At ) { n! Uilt + Al] 1—e > !

m=0

_ @+ ) Wt A [ ppaga 2{5 (U1‘+A‘ Lay* (37)
n! Ul[t+At]2 ,

which is a quadratic, implicit, recursive solution to the first order differential equation (2). This is an implicit

representation because the four parameters Uy, U, V1, and V. are all evaluated at some future time, t + At,
and therefore the solution algorithm must be iterative, as their values are not known in advance.

6.2 Explicit Approximation

By truncating the Taylor series expansions used in the derivation of the linear explicit approximation after
their quadratic terms rather than the linear ones, (20) becomes

At
AT[AY = e~ (Vi 84+ 3UalT 4¢%) / (Uil +3U30+°) (v 4] 4 Vift] ) d, (38)

12




.

which is a more accurate approximation to integral (17).
Introducing the change in variable (33) into (38) gives

2 Uyft}- At 2 dz
AI[AL] = e~ (il at+3Ua[- A7) / e¥ edUaltl (Vi[t] + Valt]-2) 3= dy,

which, upon expansion of the second exponential in the integrand into a power series, interchanging the
order of summation and integration, and differentiating the change in variable (33), enables integral (38) to
be written as

o0 n
AI[At] ~ e—(U;[t]-At-Q-%U;[t}At?) E :__1_' ( U2[t] ) x
n.

20, [t]?
V][t] /U,[t]-At v 2n Vz[t] Ui[t)- At -
dy + Vyintldyl . 39
g (Ul[t] y=0 A y=0 oY Y 9
Using the fact that [16]

L4 n om
e~ ® / ey dy=(-1)"n! E (-nm e e ? (40)

y=0 m=0 '

allows the two integrals in (39) to be evaluated, resulting in

AIlAt] =~ e—m[dm* ;}(23{32) {(Q:!y;; [i] (E( l)m(U‘[t] AY™ -U:ltlm) _

_ @+ 1) Valt] ("’il( 1)k(U1[t]-At) _e—v.mm)}.

n!  Up[t)? k!
This leads to the desired approximation

X[t+At] ~ X[ e~ (Uilthat43Us[11-Ae%)

RTINS 2(253512)"{(2;)'m[t1 (Z( e - 80" At)m_e_u,[t,.m)_

m=0

(2n + 1)' V2 t] (2§1( 1) (Ul ) _ e—Ul[t]'At) } ‘ (41)

which is a quadratic, explicit, recursive solution to the first order differential equation (2). This is an explicit
representation because the four parameters U;, Uz, V1, and V, are all evaluated at the current time, ¢, and
therefore their values are known.

6.3 Euler-Maclaurin Approximation

Let us express the nonhomogeneous integral (15) in terms of an asymptotic Euler-Maclaurin expansion [15]
in the form

k n
IAY) = L(flt+ A+ fiI)-At+ Z (=1)" B, (fon-1[t + At] = fan_1[t])-At*™ + h.ot.

(2n)!
n=1

= L(fIt + A+ flt])-At — & (1]t + At — Alt])-AL? + k5 (falt + At] = fa[t])-At* + hout., (42)
in which subscripts on f, like U and V, denote the order of differentiation. The Bernoulli numbers, B,, are

defined as
- - l — L =L =1L — 5 — 691
) I B, By=3 Ba=g5 Ba=35 Bs=g5 Bs=3mp etc,

c»
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where these subscripts do not denote differentiation. The series is asymptotic, or semiconvergent, and must
be truncated at k terms before the series begins to diverge. The function f[¢] is the integrand of equation
(15), as defined by (23). The integral in the definition of f[£] can also be represented as an asymptotic
Euler-Maclaurin expansion, and consequently the function f[{] assumes the form

716 = Villexo[- (3 (Uile]+ Uilt + A (¢ + At = §) +

E ( (12)"), (Usnlt + A = UnalE) (¢ + A= £ + hoot. )]

= Vi¢]exp [— (% (UL[€]+ Ur[t + AL]) (t + At — ¢) —
— L (Ualt + At] — Uz [€]) (t + At — €)? + 51 (Ualt + At] - Uaf€]) (t + At — €)* + hoort. )] .

By retaining just the first terms in these expansions, we approximate the integral with a trapezoidal formula
which involves the evaluation of the integrand f[£] at times ¢ and ¢ + At. Because Ui[t + At] is unknown,
the resulting formula for X[t + At] is implicit and must be resolved with Newton-Raphson iteration.

If we retain first order trapezoidal terms, the nonhomogeneous integral (15) is approximated by (24),
whilst the retention of quadratic terms ylelds the improved approximation,

AI[AL] =~

N

(Vl [fle=2MA0 4 vt + At]) At +

+ & (Vg[t] e A _yyry At]) AL+

+ & {Vl[t] emav¥lay (%(Ul[t] + Ur]t + Al]) - LQUL[t] + Uslt + Af])-At - ;—203[t]-m2) -
—mu+Aﬂmu+Aﬂ}Aﬁ, (43)

where the argument of the exponential is defined by

AV[AL} = L(U1[t] + ULt + AL])- At + L (U[t] = Uslt + At])-AL2.

Substituting equation (43) into the recursive integral (14) gives the desired approximation

X[t + Af]

R

X[t]ema¥40 1 1 (Vift]emoV80 1 Vit + Af]) At +

(vz[t]e-ﬂlml [t+At]) At +

+ +

5 {v1 [t] e~ A¥a] (%(U1 [t] + Uplt + At]) — 22U, [t] + Ualt + At])-At - T15U3[1t]-m2) -
~ Uit + A Vit + At]}-At?, (44)

which is the quadratic, Euler-Maclaurin, recursive solution to the first order differential equation (2). This
quadratic solution has an advantage over the implicit and explicit quadratic solutions, in that it does not
require the retention of an infinite series. In addition, it contains information about the parameters Uy, Us,
Vi1, and V;, at both ends of the interval, t and ¢ + At; whereas the implicit and explicit Taylor solutions
contain information at either one end or the other, but not both.

6.4 Discussion of Quadratic Solutions

For large time steps, At > 1, with Ust + At]-At? < Uy[t + At]-At, the exponential term becomes small
compared with 1, and the asymptotic expansion

_ o Ut + A\ @) Vit + AL (2n+ 1)! Vot + A4
- E(2U1[t+At]2> ( n! Ut+a41 al Ul[t+At]2)

Im X[t + At)
At—large
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Vit + At] (Vl[t + At] Ut + At] - Ur[t + At] Vo[t + At]) N

Ur[t + At] Uit + At3
- 20— 2! [ Uolt + Af) \"*
g ;::1(2“ - 1)((n - 1))! (2Ui%t i At%i') (45)

is obtained for (37). As the solution goes to saturation—a property of first order differential equations with
exponential type solutions where U; > 0—this asymptotic expansion reduces to that of the linear case, (26),
because the higher order derivatives U; and V5 vanish there. Therefore, the added benefit of retaining the
higher order derivatives U3 and V2 manifests itself in improved accuracy, but only in transient domains; the
linear implicit solution is of equal accuracy in the neighborhood of saturation. Like the linear case, physically
meaningful asymptotic expansions for the quadratic explicit (41) and Euler-Maclaurin (44) solutions do not
exist when the arguments of the exponential functions are positive.
For small time steps, At < 1, the exponential term has a value of about unity, and (37) reduces to

. _ Vz[t + At]
for the implicit case, whilst (41) reduces to
. B Va[t]
Atllorsrx;]allx[t + At] = X[t] + (Vl [t] - T[t]) At + hOt (47)

for the explicit case. These limits add the quantity —V,-At/U; to the analogous limits given in (29) and
(30) for the linear approximation. In contrast, the limit in the small for the quadratic Euler-Maclaurin case
is identical to the linear case given in equation (31).

7 Exact Solutions

Implicit and explicit, exact, recursive solutions for the first order ordinary differential equation (2) are derived
in this section. From these solutions, one can construct cubic and higher order, implicit and explicit, approxi-
mate solutions. A similar procedure for constructing cubic and higher order Euler-Maclaurin approximations
follows along the path of development given earlier in the quadratic Euler-Maclaurin solution.

7.1 Implicit Solution

From an expansion of the integrand into an infinite Taylor series about the upper limit, the integral in (16)
may be written in the form

at )
AIlAY] = /z=0 exp [-— Uit + At]-z] exp [Z‘;(—l)“gq(t:—[j_%)—?—t]- P

X ( i(—l)PY"—*L:;it] z") dz. (48)

p=0
For brevity we set

Untaolt + At]

n+2) and

b, = (__l)n cp = (_1)pMI;!+_A_tl, (49)

and expand the last exponential in (48) as a power series, so that

exp[—Ul[t-i-At]-z] { Z 2;':—':‘ (anz") Zcpzp}dz. (50)
! =

m=0 n=0

At

AI[AL] = /

z=0
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The first task is to evaluate the central sum in (50). If we put

o0
z] = Z b 2",
n=0

then the Cauchy product g{z] g[z] is given by
2]2 Z(bob +bhbu1+ -+ b1l +b,,bg)z",
»=0

which is obtained by collecting the coefficients of z” in the two product series. Following KNopp [17], we
call the coefficient of z¥ in the preceding series b, ,, so that

oo
2 _ v
z}° = E b 2",
v=0 e

where
by, =boby + b1by_1 + -+ b,_1b1 + b, bg.

Then, proceeding in sequence,
glz)® = E b3, z"

where
b3,y = boba,, + bibyy_1 4+ -+ b, _1b21 + bybog,

and in general,
gfz]™ = Z b, 2",
where the b, , are obtained from Glaisher’s relation [18],
by = bObm—l,u + blbm—l,u—l +-- 4+ bu—lbm—l,l + bubm—l,o

Zbkbm—l,u—k- (51)
k=0

Substituting into (51) from (49) we see that the b,, , are obtained recursively from the lower order b,,_; ,
according to the relation

2 Uk+2[i + At]
m,n = -1 koop m-1n-k- 2
b , ;}( ) (IC+2)' b In—-k (5 )
Because
oo
glz]° = Zbgy,,z" =1
v=0
and

a2 = Zbl,,,z” = Zb,,z",
v=0 v=0
we must require that
bo,o =1 and bO,n =0 (fOl‘ n= 1,2, o .), (53)

and that
Un+2[t + At]

(n+2)!

Tabulated values for the coefficients b,, , up to m =5 and n = 5 can be found in Table 1.

bin=2b,=(-1)" (forn =0,1,2,..)). (54)
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The expression within the braces in the integrand of (50) may now be written as B[z], where

i = {520 ($0) $o)

m=0 n=0 p=0
00 _gm o0 00
z v p
= E — E bm,v2 E CpZ
m=0 " v=0 p=0

By using the same techniques we may write the Cauchy product

o0
Z bm vZ Z Cp P a— Z (bm|oc,, + b,,,ylc,._l + -+ bm,n—lcl + bm,nCQ) 2"

v=0 n=0
00
n
E dm,nz »
n=0

which when combined with (49) results in

- " nck Va—k+1[t + At
dm,n = me,kcn—k = Z(_l) k—(ks’_l_[_k)!_‘l bm,k- (55)
k=0 .

The braces may now be written as

Introducing the change of variable (32) into (50), along with the expression for B[z], and interchanging
the order of summation and integration, allows the exact nonhomogeneous integral (15) to be written as

U,[t+At]-At nHIm oy
AllAY] = fy ZE m! (Ult+At1) Uit + Al oo

=0 m=0n=0

Recalling the integral solution (36), and substituting for d,, ,, from (55), enables this integral to be integrated
yielding

o oo n o_g (n+2m)! Vi—ks1ft + At
AI[A!] = mX_:O’;’kZ_%bm,k (—1) * TEll(n—k))' (Ul[t -:-ZSE]""’Z"‘J'I) x

+2m
X ( _ ‘U1[1+Al] At nz (Ul t+At At)p)

p=0

in which the coefficients b,, ; are obtained recursively from equations (52), (53), and (54).
An exact solution for the differential equation in (2), as given in (3), is therefore provided by the relation
X[t+At] = X[t]e sy
o o= -k (n+2m)! Va—k41[t + At
+ 2D b (C1) T (n— k) \Up[t + Agrrem+t ) ©

m=0n=0k=0

n+2m . p
x{1-— e—U,[H—At]-At Z (Ul[t +pA't] At) ) , (57)
p=0 '

which is an implicit recursive solution, in which the coefficients b,, x in Table 1 depend on the derivatives
Up[t + At] through equations (52-54), and where

AD[AL] = i(-—l)"“UL{t’:—AﬂAt"

n=1
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defines the argument of the exponential in the homogeneous contribution to the solution. This solution is
unconditionally stable provided that U{t] is a monotonically increasing function, i.e. A9[At] > 0. If on the
other hand U[t] is a decreasing function of time, then the solution grows exponentially and the size of the
time step must be monitored. For this case, as stated in section 4.1, it is the explicit solution, developed in

the next subsection, which provides the asymptotically accurate expansion.

7.2 Explicit Solution

By expanding the integrand into an infinite Taylor series about the lower limit, the integral in (17) may be

written in the form

AI[Al] = em40184 /: exp [U1 ] exp[ (nni22[t)l nt } (

p=0

where
o0

o[AL] = j{:

Proceeding as in the previous section, we put

Bl gl

for brevity, and by the change of variable given in (33), obtain

Ul[t]-A! oo o0 d n+2m d
AIIAL] = -Ao[m]/ v m,n ( Y ) ¥
) =e y=0 i ZE m! \U1t] Uift]’

m=0n=0
in which
Z n k+1
k)' m k
with
boo=1 and byn=0 (forn=12,..),
_ _ Un+2[t] —
bl,n—bn—m (forn_0,1,2,...),
and

= U 4ot
bm,n = Zbkbm—-l,n—k Z (kk-:-22[)]' m-in—-k-

Tabulated values for the coefficients by, , up to m =5 and n = 5 can be found in Table 1.

On effecting the integration via (40), we obtain

i Vg+: {t] 2P
D

© 00 =N !
Alaf] = @AMTAITA0 R DD b (<127 53512—"2)'( f]::;"[fll

m=0n=0k=0

("im( l)p(Ul At) —Ul[t]-At)’

(58)

(59)

(60)

(61)

(62)

where the coefficients by, x are defined in equations (60), (61), and (62) in terms of the derivatives U, [t], and

where A@[At] is given by (59).
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An exact explicit solution to the differential equation (2) is therefore given by

X[t+At] = X[t]e 4084 4
~(ad(at]-U, i) At) T L _1\n+2m (n +2m)! Va—k+1{t]
toe 2. 2,2 bmr(=1) mi(n— k) \ U, [rem+t ) ™

m=0n=0k=0

(nfzm( 1 p(Ul t] At)p -—U,[t}At) ' (63)

where all the derivatives, U,[t] and V,[t], are evaluated at the current time, ¢, and tabulated values of bm i
are given in Table 1. Since Af[At] represents an exact infinite series, this solution is unconditionally stable
provided that U[t] is a monotonically increasing function of time, i.e. A8[At] > 0. When truncated to a
finite number of terms, the solution is conditionally stable and the size of the time step must be monitored
for accuracy and stability.

8 Solution Methods

The previous sections of this paper contain derivations for implicit, explicit, and Euler-Maclaurin solutions
with varying degrees of accuracy for the first order ordinary differential equation (2), as described in (3).
This section presents algorithms for solving a system of first order ordinary differential equations (1), and
we illustrate these procedures by using some of the integration methods derived above.

8.1 Implicit Algorithms

A technique like Newton-Raphson iteration must be used whenever a system of N, first order, ordinary
differential equations is to be solved simultaneously using an implicit integration algorithm. For illustrative
purposes, consider the following solutions for a system of N equations, i.e.

. . Vi [t + At] _ ]
X[t + At] ~ X; sUilt+at]ar VT AY f, U (t+ar] At 4
[t + At] = Xi[t] e + Al (1-e ). (64)

and

X[t + Af] ~ X [t] e~ GOl lrad ot L (.-Vl [(] e~ 3GV IAD A iy At]) At,  (65)

for i = 1,2,...,N. These are the linear, asymptotic (19) and trapezoidal (25), implicit solutions for the
recursive integral equation (14) when written for a system of equations. A similar solution strategy to that
which follows can also be constructed for the higher order implicit solutions.

In many cases, not all of the functions ;U;[t + At] are independent. For example, in the case of uni-
fied viscoplastic constitutive equations, which are usually comprised of thirteen equations, the number of
independent functions is usually two or three (see Example 4). Let M denote the number of independent
functions comprising the set ;U; [t + At] for i = 1 to N, with M € [1, N]. Also, let ga[t-}-At] fora=1to M,
denote either the independent functions ;U;[t+At] in (64) or the independent functlons FGUL )+, [t+At])
in (65). The solution vector X and the forcing function vector V7 can therefore be written in forms such as,

T
T - - ~
X = (X1, X2, Xi,-.., XN} :{Xl,Xz,...,Xa,...,XM}
. N N o Nar 1T
= {g{f,xf,...,xl i,\X%,X%,...,AZi,...,\X},,Xg,...,Xf,VJ...,\XI{,,X}{,, . ¢ fi} ,
associated associated associated associated
with g; with g9 with g, with opr

where the vectors )-(' and ‘71 comprise the set of all components X; and ;V), respectively, over the range of
i = 1to N, that are associated w1th the variable g,. Each of the M component vectors, X and Vl, are
comprised of N, elements, where Z 1 Na=N.
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We may now write (64) as

u‘-;l [X‘-y [Qu]]

a

Xo[ov] = Xaft] e 08 4+ (1—e0=8%), (66)

and (65) as
R, lo] = Xalleme o 4 (il oo 4 o1 [7, (o] ) -t (67)
where the dependence of )—(‘a{t + At] on p,[t + At] is explicitly stated, and the dependence on t + At is

implicitly assumed. In general, the g, are functions of the X"., [t + At] which are in turn, via (66) or (67),
functions of the g, [t + At], and therefore

Ou [)?., [g,]] = Ga [ov] (for a,v,v =1 to M),

or equivalently,

Falo] =0, (68)

where
Fa [Qu] =G4 [Qv] — Pa-

If {a}, is the A*" guess for vector g,, then the true solution satisfying (66) or (67) may be written as
by g
Oa = {Qa},\ + Cq,

where the correction vector, c,, is the amount by which the true vector differs from the guessed value.
Inserting this definition into (68), and expanding the resultant by Taylor’s theorem while retaining only the
first order terms leads to

Fa [Qu] = Fa [{Qv},\ +Cu]

M
8Fal{ev},]
~ F.l{e.},] + —
o H A ; 6{Qﬁ},\ B
= 0.
A solution to the resulting linear system of equations,
M
D Japcs = —Fal{e},]  (fora=1to M), (69)
B=1
for the unknown correction vector, ¢g, with Jacobian,
0Fal{ev},]
Jop = —7—2=, 70
g 6{&5},\ (0)

can be obtained by Cramer’s rule (M < 3) or Gaussian elimination (M > 4). This leads to an improved
value for the solution vector, {ga}H_l, where

{ealrs1 = {ea}y +ca, (71)

which is iterated until the contribution from c, becomes negligible. In order to retain algorithmic stability,
it is useful to bound the size of the correction vector so that

llell < Y lella

(we typically set T = 0.25) where

lell= VeZ+e?+ —+en?  and  lela=lea)d +{ea)i+ -+ {em )2 .
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That is, if

lell > T lell set caéca% Yae{l,M}
in equation (71). This slows down the rate of convergence, but it keeps the procedure stable and therefore
free of oscillations.

If possible, the Jacobian should be determined analytically; if not, it can be acquired numerically, but
often at a greater numerical expense. Because Newton-Raphson iteration has quadratic convergence, the
number of iterations, A, required for convergence is usually few in number. One reasonable initial guess
to advance the iteration process to the next step is to use the values from the last time step, i.e. set
galt + Atlhoy = galt].

The advantage in using this integration approach over classical backward difference methods—Ilike the
backward Euler method—when the system of equations happens to be a system of tensor valued equations
with M < N is evident, because the Jacobian is now of size M x M instead of N x N. Classical approaches,
on the other hand, iterate one scalar valued parameter for each spatial dimension, resulting in a much larger
Jacobian of size N x N. In the authors’ native research field of viscoplasticity, there are usually three,
simultaneous, first order, ordinary differential equations to be solved for; two are symmetric, second rank,
tensor equations and the third is a scalar equation [7, 19]. This results in a spatial dimension of thirteen,
yet only three scalar valued parameters need to be determined by iteration in our approach, as opposed to
thirteen in the usual backward difference and other implicit approaches.

This method has been used by the authors [3, 5, 6] in the solution of several different inelastic material
models with great success. It has also been implemented into nonlinear finite element packages [6, 20] where
preliminary results from inelastic structural analyses show the method to be stable, equivalent or superior
in accuracy, and requiring about the same to 1/5 the cpu time when compared with the well known solution
techniques of: Euler forward difference method using a self-adaptive time step procedure [6]; second and
fourth order Runge-Kutta methods using self-adaptive time step procedures; and the trapezoidal backward
difference method using Newton-Raphson iteration [20]. Because these were feasibility studies, their primary
emphasis was not on writing efficient code, but rather to determine the feasibility of using the asymptotic
integration method in finite element applications. Further improvements in computation times are expected
as we become more knowledgeable about writing efficient code for the algorithms.

8.2 Explicit Algorithms

Different needs demand different solution techniques, and Newton-Raphson iteration will not always be the
technique of choice. This technique is ideally suited for large computer codes where large time steps are
needed to minimize the computation time. But it is not the best choice when small time steps are required
in order for one to gain a detailed picture of the response. For applications of this type, explicit solution
techniques work best.

The simplest integration algorithm considered in this paper is the linear explicit method given by

X[t + At] = X;[t] e~ Uall ot 4 Vil (1 - e-'UxW’A‘) (fori=1,2,...,N). (72)
UL [t]

In order for this approach to give accurate and stable results, it is necessary to keep the time step small.
A more accurate integration algorithm than (72) given above is the quadratic explicit method defined by

Xilt +Af] = Xi[t]e-Gldatdtalgas) o
2 Uslt] (2n)! VAt GULt]-a)™ [t At)
-1Us[t]- At iV2 1 mull _ =hplar )
T nz=:o(2-'Ux[i]2) n! U1[t] Z( b ‘

_ @n+ 1) Wl ("’f(—nk(—*%M - e--vx[trm) } (73)

AR k!

for i = 1,2,...,N. The infinite sum on n found in (41) is truncated here to ¢ terms, which must be set by
the user. The time step must also be kept small for this method, too.
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8.3 Predictor-Correctors

Predictor-corrector methods use an explicit algorithm to first look ahead and predict the value of the function
at a future point. Knowing something about the future response of this function, one then uses an implicit
algorithm to go back and make a second, more accurate, correction of what the future value of this function
is. These methods have the advantage of being able to use the difference between predicted, X[t + At], and
corrected, X;[t + At], values to establish an error, e.g.

B Xilt + At] - X!t + Af]]\ 3 X[t + At] — X![t + At]
s_m-ax( Xilt + At — Xi[f] ) or E"m?x(l Xilt + Al

which one can use to control the time step size. The first error listed is useful in transient domains where
Xi changes rapidly; it is the error accumulated over the time step, At. The second error listed, i.e. the
relative error, is the better choice when X; changes slowly, because the first error term has a denominator
that becomes small under these conditions.

A linear predictor-corrector can be constructed by considering

X[t + At] = X;[t] e~ Urldat 4 AUl (1 - e--Ull‘J'A') (fori=1,2,...,N) (74)
UL (1]

for the predictor, and

wtpeanar L VIHAL 1 Cgiianan
. — Y. Ut+atjar  iv1 _ o—iUit+at)ar _
Xilt + Af] = X;[t]e + iy an (1 e ) (fori=1,2,...,N)  (75)

for the corrector, where
Ul + Al = U, [X; [t+ ALt + At] and  Vi[t+ A=V, [X;[t FAL t+ At] .

For this linear integration method both the predictor and corrector are unconditionally stable, but the time
step size must still be monitored for accuracy to avoid an oscillatory response.

A more accurate predictor-corrector than (74) and (75) given above is the quadratic predictor-corrector,
where

X!t+4f = X,-[t]e“(-U‘[‘l'A”%-"“f‘]‘“"’+
1.a7 g t n 2n) Vi [t In m At U] At
¢ o S Y (L (AT ).

2n41
(211:'- 1) (}/12[”2 ( Z( 1)"( ULt At) —.U,[t}-At)} (76)

is the predictor, and

X[t+At] = X[t] —(‘U;[H»At]-At—J;,U;[H-At]-At?)+

N Z( U3t + At >n{(2n)!,-v;[t+m] (1 _ —Uilhadar i (,-U{{t-l»At].At)m) )

2.0[ + AL nl Ut + A -]

m=0

_ @) i+ ag Ui+l a Z"f GUile+ A A0* )
n! .'Ull[t + At]2 ’

is the corrector, for t = 1,2,..., N. Here
Ul + Al = U, [ 't + At T+ At] and L V/[t+ Al =W [X;. [t + At + At

with
ULt + Af] = ;Us [X; [t+ At + At] and Vit + Af] = V2[ T+ ALt + At]

The size of the time step for this quadratic predictor-corrector must be monitored for both stability and
accuracy so as to avoid an oscillatory response.
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9 Numerical Examples

In this section we consider four initial value problems to explore the capabilities and deficiencies of the various
algorithms derived in this paper for the integration of systems of nonhomogeneous, nonlinear, first order,
differential equations. The first example is simple enough to enable an exact solution to be derived, but yet
sufficiently difficult to tax the integration algorithms. This example is used to compare the accuracies and
rates of convergence of the various implicit integration algorithms developed herein. The classical method of
backward Euler integration is used as the meter stick for comparison. The second example is a population
model developed for predicting the growth of the AIDS virus in the human population. Like the first example,
this example possesses an asymptotic solution at large time; however, unlike the first example, its path to
the asymptotic solution is not monotonic. This makes the numerical integration much more difficult. The
third example is the classical Lotka-Volterra predator-prey model. This is also a population model, but with
an undamped oscillating solution. As a consequence, damping present in an integration algorithm—either
under- or overdamping—has the potential of adversely influencing the predicted result. The final example
is a viscoplastic model used to describe the deformation behavior of metals at elevated temperatures. This
model possesses asymptotic solutions; therefore, asymptotic integration algorithms work best. Unlike the
prior examples, its Jacobian cannot be reduced toa 1 x 1 matrix; although its dimension has been reduced
from the spatial dimension of 13 x 13 to a 2 x 2 for the Jacobian.

9.1 Example 1

The nonlinear differential equation
v+yi=1 with ¥(0)=0 (78)

mentioned by Krieg [21] may be solved by the method of separation of variables, and the solution is

1 l+2y] -
t=—tan"!|—==| — LIn[l - Ln[1 - —=. 79
73 [\/?_) sl -yl + zIn[1+y+y°) 673 (79)

The variation of y with t is shown in Fig. 1.
The differential equation (78) may be written in the notation of this paper as

y+U-y=W where Uy = y? and Vi=1 (80)

Higher order derivatives of U are easily calculated from (78) as

Uy = Uy = 2y9 = 2y(1 - 4°), (81)
Us = Uy = 2§(1 — 4y°) = 2(1 - *)(1 - 49°), (82)
=Vz=---=0. (83)

The solution, according to either equation (37) or (57), up to terms including U7, is given by the quadratic,
implicit, recursive relation

- Vilt + At _ '
ylt +At] = ylt]e as(at] 4 m (1 — e~ Uilt+ad] At) +
Vilt + At)Us[t + At] _UL[14A0 At . \
+ AP U (1+ Ui+ 60 AL+ O+ 0807 } +
3Vi[t + AtJUL[t + At)? e-Ualt+ad At . )
* Uilt + At {1 (1+U1[t+Af]'At+g(Ul[t+At] At +

+ LUt + A1 A% + L (Uit + At]-At)“)} ,
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where
AS[AL] = Uit + At]-At — LU [t + At]- At

Let
o1 = Uit + At] = y[t + At)?, (84)

so that from (81)
Uslt + Af] = Uy [t + Al = 29[t + AL] (1 — ot + At]) = 202 (1 - g‘;’/”) .

The argument in the exponential of the homogeneocus term can now be expressed in terms of g;,

AV[AL]

Uit + At]-At — LU, [t + At)-Af?
= o1-Al — gilz (1 - 9113/2) At

and the quadratic, implicit, recursive solution is obtained in terms of g, in the form

1/ 3/2
yt+ At = y[t]e'(p"m‘gx "(1-et)-a%) + QL (1—em0rdt) 4
1
201 (1- %)
SR S _ e~ o141 . 1 . 2
+ = {1-eeat (14 oat+ La-at7) } +
2
3{2a” (1- o)} .
+ 3 {1—6_9‘ (1+91~At+§(91-At) +
i
+ Lo a0+ & (e-80)") }. (85)
Similarly, the quadratic, Euler-Maclaurin, recursive solution (44) takes on the form
dt+ a1 = yffemd¥ed 41 (0¥l 1) Ary
+ H{e el (Wil + o) - E{20a00+ 2017 (1= 6}?) } oAt -
- 1—‘2U3[t]-At2) - 91}-At2, (86)

where

A¥[ei] = § (Wil + o)At + 5 {Uale) - 2017 (1 - 61%) }- 22

is the argument of the exponential.
Equations (85) or (86) may now be substituted into (84) to give

o1 = ylt + At)? = G[e1],

and therefore we obtain the implicit relationship

Floil=0 where Flo1]l = Glei] - a1

This equation is easily solved for g; by the Newton-Raphson method and the solution, when inserted into
(85) or (86), yields y[t + At] in terms of y[i].

A comparison of the exact solution (79) with an Euler backward difference solution, and with the solutions
given by equations (85) and (86), with and without the quadratic terms, is given in Table 2. In this table, ygx
denotes the exact solution (79); ypr the backward Euler solution; yy; the linear implicit solution obtained
by keeping only the first two terms in (85), and setting U = 0; yor; the quadratic implicit solution obtained
by keeping one extra term in (85)—the first term in the infinite series—and retaining Us; ygs2 the quadratic
implicit solution obtained by keeping two extra terms in (85)—the first two terms in the infinite series; yr 7
the linear trapezoidal (Euler-Maclaurin) solution obtained by keeping only the first two terms in (86), and
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Table 2: Accuracy of Several Integration Algorithms.

Value of y at Point A
Number of
Integration | yex YBe  ¥YLr  Yen  YQrz2  YLT  YQEM
Steps to A
1 8230 .6823 .7597 .8107 .8150 .8488  .8247
2 8230 .7459 .7800 .8192 .8196 .8331  .8232
5 8230 .7895 8020 .8226 .8226 .8248  .8230
10 .8230 .8057 .8118 .8230 .8230 .8235 .8230
Value of y at Point B
Number of
Integration | yex YBe  Yor Yon  Yqor: YT  YQEM
Steps to B
1 9895 .8351 .9393 9677 9689 1.2237 1.0053
2 9895 0154 9579 .9803 .9808 1.0450 .9888
5 9895 9630 .9751 9871 9872 .9966  .9895
10 9895 9772 9821 9888 .9888 .9912  .9895

setting U, = 0; and ygem the quadratic Euler-Maclaurin solution given by (86). The values of y at points
A and B, where t = 1 and ¢t = 2, were found from the various algorithms when the number of integration
steps to reach points A and B were taken to be 1, 2, 5, and 10. It may be seen from Table 2 that both the
linear implicit and trapezoidal approximations using only one step to reach point A, viz. yr; = .7597 and
yLT = .8488, are superior in accuracy to the backward Euler algorithm, ygg = .6823. Generally speaking,
the linear asymptotic solution is as accurate as the Euler backward difference solution with twice the number
of integration steps. When one extra term is retained in the asymptotic implicit algorithm, the solution using
one step to reach point A, ygr1 = .8107, differs from the exact solution, ygx = .8230, by about one percent,
whilst with one time step the Euler backward difference solution, ygg = .6823, is in error by about seventeen
percent. There is thus some incentive to retain the second order term in the algorithm, because the accuracy
achieved in one integration step, with this term included, exceeds that of the Euler backward difference
algorithm with more than ten times as many integration steps. In all cases, the quadratic Euler-Maclaurin
solution is the most accurate of the methods considered.

The results of Table 2 are given graphical interpretation in Fig. 2. Here we plot the relative error incurred
by the various integration methods versus the number of evenly spaced integration steps used to integrate
out to point A. The steeper the slope of the curve the greater the rate of convergence. The backward
Euler and linear implicit methods have slopes of about —1 with linear rates of convergence. The linear
trapezoidal and quadratic implicit methods have slopes of about —2 with quadratic rates of convergence.
And the quadratic Euler-Maclaurin method has a slope of about —4 with a quartic rate of convergence. This
illustrates, but does not provide theoretical proof of, the convergence properties of these methods. There
appears to be a power-law relationship between the number of integration steps and the error. To check
this, 1000 integration steps were used with the quadratic Euler-Maclaurin method resulting in an error on
the order of 10~14, which corresponds to a linear extrapolation of the ygrm curve in Fig. 2. Of note is the
fact that the Euler-Maclaurin methods have rates of convergence that are twice their order, while the Taylor
methods have rates of convergence that equal their order.

Point B is in the asymptotic region where y approaches unity. Here the differences between the Euler
backward difference algorithm and the present formulations decrease. This is due to the fact that the higher
order derivatives of U vanish as y approaches its asymptotic value. However, it may be seen from Table 2
that even at the point B where t = 2, there is still a considerable error in the Euler backward difference
solution as compared to the present solutions. Qualitatively, the trends present in Fig. 2 for point A are the
same at point B. Quantitatively, there are differences in the errors for any given method between points A
and B, but these are slight. ’
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The differences between the solutions ygr and ygr2 are not large, and greater accuracy can therefore
only be attained by the use of a cubic or higher order solution. Including the third term in the infinite series
will do little to enhance the accuracy of the quadratic solution.

When a system of N differential equations is solved, the Euler backward difference solution requires
the inversion of an N x N Jacobian; whereas, the present formulation generally requires the inversion of
an M x M Jacobian, where M <« N is the number of independent scalars in the integral solution. This
is demonstrated in the remaining examples. The advantage of the present method thus manifests itself in
increased accuracy with a smaller Jacobian matrix.

9.2 Example 2

Examples 1 and 4 present differential equations that possess asymptotic limit states in which the second
and higher order derivatives of U and V vanish. There the derivative U; increases to a limiting value and
remains constant until a change in the direction of the forcing function V; is encountered. In such cases
the asymptotic approximations provide excellent accuracy. In the present example, which is concerned with
modelling the spread of the AIDS virus in a susceptible fraction of the population, the application of the
asymptotic Taylor algorithm results in solutions of the differential equations that are too heavily damped.

In this example, the function U, increases at first, but then decays towards zero. Although it is always
positive, and U is therefore always an increasing function of time, the decay in U; means that the exponential
in the integrand does not decay rapidly enough as we depart from the upper limit of the nonhomogeneous
integral for the asymptotic Taylor methods to provide an accurate representation of its value. Under these
circumstances, the trapezoidal approximation to the integral given in equation (25) is more appropriate,
because it weights the contribution to the integral from the upper and lower limits equally.

Hyman and Stanley [22] have presented a number of models for describing the spread of the AIDS virus
in a susceptible fraction of the population. In their simplest model, where

S(t) is the number of susceptible individuals,
I(t) is the number of infected individuals,
A(t) is the number of AIDS cases,
is the death rate of individuals without AIDS,
1s the death rate of individuals with AIDS,
is the rate of developing AIDS of infected individuals,
is the probability of infection from an intimate contact with an infected individual,
is the average number of contacts between partners,
is the average number of new partners per year, and
0 is the susceptible population size before the introduction of the AIDS virus,

2 6 = oy

the governing equations are defined to be

S+(u+X)S=uS, (87)
I+ (y+p)I=2S, (88)
A+ 6A=1I, (89)
where
A:ich+I. (90)

In the simulations that follow the constants have the assumed values: p = .02,i = .04,c=1,r=36,v= .1,
§ = .5, and Sp = 10,000,000.

9.2.1 Implicit Asymptotic Approximation

For the implicit, linear, asymptotic approximation, the appropriate recursive relations are derived from (19)
in the form

Alt + Af] = At]e=58 + m—t—;A—t] (1-e7"4), (1)
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I[t + At] = I[t]e~CrHm)at 4

icrlft + At)S[t + At] (1 _ e_(-,+,,).m)
(v + p) (S[t + At] + It + At)) '

and

_ ierllt + At]
S[t+ At] = S[t]exp [— (y-{- S[t+At]+I[t+At])-At] +

iy (- i) o)
+1[t+

On putting
icrlft + At]

_ 2
=Bt S A I+ AY (92)
the relations for S[t + At] and I[t + At] can be rewritten in terms of g; as
—_ —01-At ”SO —p1-At —
St + At] = S[t]e o (1-e ) = S[e1], (93)
1
e (01 = 1)STel]
ITt + At] = I[t] e~ (vt (9‘_" "‘) 1— e~ (o8t = o). 94
[t + At] = I[t] e () (- ) = Tlei) (94)
Substitution of (94) and (93) into (92) gives the required implicit equation for g,,
icrl{o]
F =u+ - = 0)
@) =4 ST+ 1o~ @

which, after solution with the Newton-Raphson method, can be substituted into the recursive relations (91),
(93), and (94) to advance the solution from ¢ to t + At.

9.2.2 Implicit Trapezoidal Approximation

More appropriate recursive relations can be obtained by employing the trapezoidal approximation in (25) to
evaluate the nonhomogeneous integral. In this case we write

t4+ At t+ At t+At
smexp[— / | + / exp[— / (y+A[f1)dr] o de

g=t r=¢

S[t + At

~ S[t]e $@p Al A AL %,uSo (1 + e—§(2u+x[t]+,\[:+m])-m) .At.
On setting
e1 = p+ (Al + At + Af]), (95)

the appropriate recursive relations have the form

S[t+ At] = S[t]e=@ '3 + LuS, (1 + e~ 2 72%) . At = S[ey], (96)

It + At] = Ift] e~ (r¥edat 4 1 (/\[t]S[t] e~ (AL L (9001 — p) - /\[t]}S[ex]) -At = I[ed], (97)

and
Alt+ At] = Alt] e~ 4 + Ly (ITt] 752" + I[e1]) - At = Alan], (98)

where AJt + At] has been replaced in terms of g; through equation (95).
The required equation for g, is then obtained by substituting (96) and (97) into (90) and (95) in the

form
_icr I1t] 1[e1] o =
Flal = (S[t]+1[t] * 5[91]+I[91]) o=t
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To establish an accurate baseline solution, equations (87-90) were integrated over a period of 40 years
with an explicit Euler forward difference method employing 8,000 integration steps, and we refer to this
solution as the ‘exact’ solution for brevity.

A comparison of the ‘exact’ solution with an explicit Euler forward difference method and the linear
asymptotic implicit relations in (91-93) employing 400 integration steps each is shown in Fig. 3. We refer
the reader to the report [22] by Hyman and Stanley for a discussion of the solutions to the differential
equations. It is evident that the explicit forward difference method provides an underdamped response,
and that the linear implicit asymptotic solution provides an overdamped response. The implicit trapezoidal
algorithm given by relations (96-98) effectively averages the amount of under- and overdamping, and a
comparison of this solution employing 400 integration steps with the ‘exact’ solution is shown in Fig. 4. The
averaging expectation is borne out, and a very accurate solution is achieved.

When only 40 time steps are used to integrate the solution out to 40 years the effects are more dramatic.
As shown in Fig. 4, the trapezoidal solution shows some error. But as shown in Fig. 5, the asymptotic
solution is heavily overdamped and badly in error, while the explicit forward difference solution is heavily
underdamped and errs in the opposite direction.

1t appears that the implicit asymptotic algorithm does a good job when U; is a monotonically increasing
function. However, when U; can increase and decrease over a given time increment, the implicit trapezoidal
(or a higher order Euler-Maclaurin) algorithm is the more accurate.

9.2.3 Improved Trapezoidal Approximation

In the preceding approximation, the forcing function on the right hand side of equation (88) is AS. On
examining equation (90) we find that the forcing function is a function of I, the variable in the differential
equation. The differential equation can therefore be brought to the homogeneous form,

. AS
I+(‘)‘+[l——f—)[=0,
and the appropriate trapezoidal recursion relations become

S[t+At] = S[t]e” 3CuAIA+AD A
+ %IISO (1 +e %(2u+A[t]+A[t+At])-At) At (99)

and

[L1S[E]  Alt + AtfS[t + At]) . At] '

I[t + At] = I[t] exp [—% (27 +2u- 4 i It + At]

On defining the variable g; as

A[L]S[t] [t + At)S[t + At)
=1 - - 1
we can immediately write
It + At] = I[t] e '8 = [[gy]. (101)
We can use the definition of A in (90), viz.
icrl[t + At] icrlp]
Alt + At] = = — 102
U+ A= S Al + T+ A~ S+ A0+ o] (102)
to eliminate the expression A[t + At])S[t + At]/I[t + At] from equation (100), and we find that
Alt]S[t
/\[t+At]=icr—27—2p+—[—I][-tT[—]+2gl = o). (103)
This expression may then be substituted into (99) to give
S[t + Af] = S[t] e~ N8t 4 1,5 (1 + e—&(zwxmaun)m) At = S[a1]. (104)
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The recursion relation for A may then be written as
Alt + At] = Alt] e 4 + Ly1[t] (e 54t + e=@4Y) . At = Afgy]. (105)
The required equation for ¢, can now be obtained by substituting the expressions for A[g1], I[g1], and S[e;]

into (100) to give
AISIt]  Me:lS[erl _
I[t] + I[e1] ) me=0

The solution obtained with the homogeneous version of the equation for I is shown in Fig. 6 using only
40 time steps out to 40 years. It is clear from this example that much more accurate solutions are achieved if
the differential equations can be arranged so that the forcing function on the right hand side of each equation
is independent of the variable being solved for. Thus, we should like the right hand side of the S equation to
be independent of S, that for I independent of I, and that for A independent of A. A zero (homogeneous),
constant, or slowly varying function of the other variables is the ideal forcing function. This is, perhaps, to
be expected because then the right hand side is known, and we therefore approximate the exact Bernoulli
conditions of constant U; and Vi more closely, with all of the nonlinearity then residing in the exponential.

fwd=7+ﬂ—%(

9.3 Example 3

The predator-prey equations of Volterra and Lotka [23] form a simple nonlinear system of differential equa-
tions governing the population of two biological species comprised of predators and prey. These equations
are known to exhibit closed oscillations similar to the stable vibrations of an undamped pendulum.

If z denotes the prey population and y the predator population, we can write the coupled system of
differential equations—in which the constants are taken as unity—in the form

z=z—zy, (106)

and
y=zy-y. (107)

9.3.1 An Inappropriate Asymptotic Algorithm

When the preceding equations are rewritten as £ + (y — 1)z = 0 and gy + (1 — z)y = 0 it is evident that
the solutions will contain growing and decaying exponential type solutions according as y is less than or
greater than one for z, and according as z is greater than or less than one for y. It is clear at the outset
that asymptotic methods are not appropriate here unless we distinguish the ranges of z and y and apply the
appropriate asymptotic expansion in each region for each equation. We have not done this, but we do show
that the linear, implicit, asymptotic algorithm—which works well for the first and fourth examples—predicts
enough damping that the solution (known to perform almost circular stable paths in the z—y plane) spirals
in towards the steady state solution, z = y = 1, where the populations of predator and prey become fixed
in size. In their book [23], Thompson and Stewart remark that “One acknowledged deficiency of the Lotka-
Volterra equations is thus that they have the structural instability of the undamped conservative mechanical
system, the phase trajectories of which can be topologically changed by the introduction of infinitesimal
viscous damping.” The implicit asymptotic method, which was shown to exhibit too much damping in
Example 2, precludes the formation of a stable closed loop in the z—y plane.
The linear asymptotic recursion relations obtained from the differential equations

t+yz==z (108)
and
v+ly==zy (109)
can be written as
zu+quzpp-mAt+Eﬁgéﬂ(l_ewrM) (110)
1
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and

ylt + At] = ylt] e 2 + grzft + AL (1 - e72), (111)
where
Equation (110) can be rearranged to give an explicit dependence on g; in the form
t]e— 1At
;c[t + At] = z[ ] € = 2.'[91], (113)
1 - —(1-earat)
(451
which may then be substituted into (111) to give
1] e—0r-At
Y[t + At] = yft] e~ + 9112[ le (1-e2Y) = ylan]- (114)
1— —(1—e-@rat)
21

The preceding equation can then be substituted into (112) to yield the required equation for g, viz.
Flea]l = yler] —e1 = 0.

On evaluating the solution by Newton-Raphson iteration, and substituting into (113) and (114), we advance

from time ¢ to { + At.
The solution in the z—y plane for this system of equations is shown in Fig. 7 under the initial starting

conditions z[{0] = 1.0 and y[0] = 0.2 using a time step of At = 0.1. It is evident that the solution is
spiralling in towards the steady state solution z = y = 1 due to the damping that is inherent in the linear
asymptotic expansion. This spiralling in towards the steady state solution still occurs when much smaller
time steps are used, but the rate is decreased. If an explicit, Euler, forward difference method or the linear,
explicit, recursion relation of equation (21) is used to integrate these differential equations with a time step of
At = 0.1, the solution is underdamped and spirals out to infinity. Figure 8 shows the behavior of the linear,
explicit, recursion algorithm.® With this size time step, a simple Heun—or improved Euler—method [24]
provides a stable oscillatory response, whilst a fourth order Runge-Kutta method can tolerate even larger
time steps. In the next subsection we attempt to improve on the implicit asymptotic method, which we
know to be inappropriate for this problem, by using the implicit trapezoidal approximation which worked
well in Example 2.

9.3.2 An Appropriate Trapezoidal Algorithm

The implicit, trapezoidal, recursion relation in equation (25) can be used to generate the following recursion
relations from the differential relations in (108) and (109):

z[t + At] = zft] e~ 0litslt+a AL 4 1 (:c[t] PR 1010 R CLLe MC L At]) -At,

and S ' '
oft + At] = ylt] e + 1 (:c[t]y[t] e™ 4 2t + Atlylt + AL]) - At.

If we put
o1 = 5 (] + ylt + A1), (115)

the recursion relations can be rearranged and expressed in terms of g; to yield
zft]e~aAt (1+ 1AL) _
1- 1At -

e[t + Af] = zle], (116)

and
_ e (14 Jel)-A1) _
ylt + At] = = T %z[gj-At = ylo1]- (117
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The governing equation for gy is then found from (115) and (117) as

Flo) = L (ylt] + yle1]) — 1 = 0.

The variation of the solution in the z—y plane for a time step of At = 0.1 is shown in Fig. 9, where it may
be seen that the solution does spiral inwards, but at a much smaller rate than the asymptotic solution of Fig.
7. When smaller time steps are employed the spiralling inwards can be arrested, and a steady oscillatory
response is obtained.

The preceding trapezoidal solution was given in order to emphasize the importance of rearranging the
original differential equations. There is, in general, no unique way of arranging the equations for solution,
and the ingenuity of the analyst is usually required to obtain an optimum form of the equations for solution.
In the preceding solution the differential equations were arranged in such a form that ;U; = y and ;U; =1
with forcing functions |V; = z and ;V; = zy. As discussed in Example 2, they may also be rearranged into a
more appropriate homogeneous form with zero valued forcing functions. We obtain the implicit trapezoidal
solution for this case in the next subsection.

9.3.3 A Better Trapezoidal Approximation

It is possible to rearrange the differential equations (108) and (109) into the homogeneous form
z+(y—1z =0,
and
y+(1—-z)y=0.
If we now let
oo =3 Wlt]+ylt+At]-2)  and g2 =3 (2—z[t] - 2[t+ Al]),

then the implicit, trapezoidal, recursion relations with no forcing terms are obtained in the form
z[t + At] = z[t] e~ 01! and Yt + At] = ylt] e~ AL (118)
The relations for g; and g, can then be written as
o =% (i1 + e —2)  and g =} (2-zl)(1+e @), (119)
which when combined gives the required equation for g,, i.e.
Flo) =+ {olt] (1 +exp[-L {2 - 2] 1+ @2} A1) ) — 2} - g1 = 0.

On solution, g; may be substituted into (119) and thence into (118) to step from ¢ to ¢ + At.

Results from this solution procedure are shown in Fig. 10 for a time step size of At = 0.1, where the
improvement is at once apparent. This solution still gives a tolerable but ragged stable loop when the time
step is increased to At = 0.3, a size at which the fourth order Runge-Kutta solution tends to show an even
more ragged approximation to the stable solution. The improved accuracy achieved when the right hand side
of each equation can be made homogeneous, constant, or weakly dependent on the other solution variables
is once again apparent.

9.4 Example 4

In the previous examples the Jacobians are of dimension 1, and therefore the implicit algorithms developed
for their solution are straightforward. In this example we present a viscoplastic model where the governing
system of differential equations is sufficiently complex to warrant a Jacobian of dimension greater than 1.
Our implicit integration algorithms have an important advantage over classical algorithms—like backward
Euler integration—in that they have the distinct possibility of a substantial reduction in the order of the
Jacobian. In the AIDS model of Example 2, there is a reduction in order from a 3 x 3 to a 1 x 1 for the
Jacobian matrix; for the predator-prey model of Example 3, there is a reduction in order from a 2 x 2 to
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a 1 x 1 for the Jacobian matrix; and for the viscoplastic model considered below, there is a reduction in
order from a 13 x 13 to a 2 x 2 for the Jacobian matrix. This reduction in order of the Jacobian matrix is
of significant importance from a computational viewpoint.

Viscoplastic constitutive models [7, 19] are currently finding application in describing the rate dependent
plastic response of metallic structures that undergo significant temperature change over their duty cycle. We
developed the viscoplastic model [25] presented below for metallic polycrystalline materials. It is presented
here in a simplified form that is valid for temperatures in excess of about one half the melting temperature.
In this model,

D is the drag strength,

T is the absolute temperature,

Y is the yield strength,

By is the (deviatoric) back stress tensor,

Eij = € — exibi; s the deviatoric strain tensor,
Sij = oij — 3okkb;; is the deviatoric stress tensor,

Eij is the infinitesimal strain tensor,
€ is the (deviatoric) plastic strain tensor, and
o is the Cauchy stress tensor.

The isotropic, stress/strain, constitutive equations are given by Hooke’s law,

Sij = 2p (Eij — €Fy) (120)
Tkk = 3K.(€k)¢ -—O'AT(SH,), (121)
where
AT =T-Ty is the temperature change with respect to a reference, T,
a is the coefficient of thermal expansion,
K is the bulk modulus,
B is the shear modulus, and
bij is the Kronecker delta; 1 if i = j, otherwise 0.

Here one sees that the plastic and thermal strains, efj and a AT 6;;, are eigenstrains for the deviatoric and
hydrostatic responses, respectively.
The evolution of plastic strain is described by the viscoplastic flow law,

ep = 1| 122
with a kinetic law,
. Z-Y
et = ory 2| AEL=10 (123)
and two evolutionary laws,
_— "
Bij =2H (e,-j Y) ||e”||) (124)
Y =0 (W 12] - r17,7]). (129)
where
h is the nonlinear hardening parameter for yield strength,
H is the hardening modulus for back stress,
L is the limiting state for the dynamic recovery of back stress,
r is the thermal recovery parameter for yield strength,
Z is the Zener parameter,
U] is the hardening modulus for yield strength,
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J is the thermal diffusivity,
Li; = Sij - By is the effective stress,

I€P |l = \/2€%;€f;  is the magnitude of plastic strain rate,

IZ]i= /4ZijE:;; is the magnitude of effective stress, and

{(z) is the Macauley bracket of r whose value is z whenever z > 0, otherwise it is 0.

Viscoplasticity is an internal state variable theory where the internal state variables, B;; and Y in this
case, are governed by separate evolution equations. The evolution of internal state follows a competitive
process between hardening and recovery (both thermal and dynamic) mechanisms. The back stress, B;;, isa
phenomenological representation of an internal stress state; it reflects the stress fields set up by dislocations
in their heterogeneous substructures. The yield strength, Y, is a phenomenological representation of material
strength; it reflects the density of dislocations.

We will consider a viscoplastic model characterized by material functions that are power-laws:

o) = exp|-z].

Z[(IIEHD—Y)] _ ((HEH—Y))S,

L[Y]

11
N
Q| e

|
SN’

t<

|

!
b~4
al <
N’

3
=

h[Y]

1
)
3=

s

"ATY] = 9T (-y—ya)a

where
C is the creep strength,
n is the creep exponent,
Q is the activation energy for creep (or self diffusion},
R is the universal gas constant, 8.314 J/mol-K, and
Y is the fraction of yield strength to applied stress at steady state.

Because of the chosen forms for the material functions L, h, and r, this viscoplastic model analytically
reduces to the classical theory of creep [26] at steady state, where there is no evolution of the internal state
variables, and where

: ISHY" Sis
& = 3 9[1) (T) W—Sll—l

defines the creep rate, with [|.S|| = /35i;Si; characterizing the magnitude of deviatoric stress.
For illustrative purposes, we will consider the following set of elastic material constants:

a=120x10"6 o1,

Kk = 83,750 MPa,
u = 30,000 MPa,
and viscoplastic material constants:
C=08 MPa,
D =10.016 MPa,
H=p/2 MPa,
n =5,
@ = 200,000 J/mol.,
y = 0.1,
N =4 MPa,
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which characterize copper in the neighborhood of 500°C.
If we differentiate equation (120), combine it with (122), and subtract (124) from both sides; and then
rearrange equations (124) and (125), the following set of differential equations is obtained:

' (p+H)|ler |l 5, Hler]|
g —==——"5%;; = 2uE; + By;, 126
A A (126)
} T Y] — p
Y+n(r[ Y] ;[Y] l1é II)Y -0, (127)
. H|e| H e ||
B + — Bi; = ;. 128
7 v R > (128)
This system of equations has the form
Kot olh Ko = oV (fora = 1,2, 3),
where . .
X =%, X2 =Y, X3 = Byj,
_ (p+H)|e]] _(rlT, Y] - h[Y]|l€rl] _ Hler]
lUl e “2” ] 2U1 =70 Y ] U, = L[Y] 1]
and At At
- . é - ~ é
W = 2;1E,'j + -TD-;}—B,'J', V1 =0, 3V = ”E” 5.

It is now apparent why the Jacobian is at most a 3 x 3 matrix (one for each of the three differential equations)
whereas the Jacobian for backward Euler integration is a 13 x 13 matrix (one for each of the thirteen spatial
dimensions: six for the effective stress, six for the back stress, and one for the yield strength). However,
the Jacobian must be further reduced to a 2 x 2 matrix. This occurs because ;U; and 3U/; both become
asymptotically proportional to ||€? || at steady state, and are therefore linearly dependent at steady state.
Hence, the evolution equation for back stress (128) must not contribute to the construction of the Jacobian
in order to prevent the Jacobian from becoming singular.

9.4.1 An Asymptotic Algorithm

For linear, implicit, asymptotic integration, one has

M [)'('., [t + At]]

Xoft + At] = X, [t] e 02t 4 (1= ¢earaty

for the integration algorithm, where

_wrmle) (AT Y- A
1= d "’*"’( % )

which are both evaluated at time ¢ + At. Thus, the set of iteration functions becomes

Fil{e ) = SRl gy,

and

Falleyh] = (r[T Y Hea})] - '; [[i{fi{a}»]}l] 1€ [er, ex1al1l)

which is solved through Newton-Raphson iteration. The derivatives required to construct the Jacobian in
equation (70), e.g. 0||€” || /Oe1, etc., have been determined numerically, for in this case the determination
of numerical derivatives is computationally more efficient than determining them analytically.

- {o2},
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The Newton-Raphson iterations are accomplished by the following scheme. First, values of g1 and g
are guessed. In addition, we also guess the values of X;;, B;;, and Y. The forcing vectors, 1171, 2171, and
3171 are then computed and used with g; and gy in the recursion relationships to determine )-(’1, )?2, and
)?;;. Estimates of ¥;;, B;;, and Y are now available to compute improved estimates of the forcing vectors,
1171, 217'1, and 3‘71 for the next iteration. It is evident from the preceding that this approximate algorithm is
basically one iteration in arrears in estimating ¥;;, B;j, and Y.

The capability of this integration method is demonstrated in Fig. 11. The solid line was obtained using
250 integration steps, and may be considered to be the exact solution. In this example, a homogeneous block
of material is sheared in a specified direction at a constant rate of straining to a fixed value of engineering
strain, i.e. 7 = 2¢15. This block of material is then sheared in the opposite direction to a self-similar value
of engineering strain. The direction of loading is changed one last time to complete the loading cycle. The
increase in the shear stress from the first to the third reversal is due to a gradual increase in the value of the
yield strength, Y, over the loading history, i.e. the material is gradually getting stronger because of work
hardening. The smooth curvature observed in the stress-strain response of each of the three loading segments
is due to the rapid evolution of the back stress, B;;, over each segment. For a more detailed discussion of
the model, see Freed and Walker [25], and of viscoplasticity in general, see Lemaitre and Chaboche [7]. The
differences between the exact response and those predicted using 25 and 3 integration steps are very small;
however, there is a measurable error for the case of 10 integration steps at the knee of the curve. At first
glance, the fact that 3 integration steps does better than 10, seems contradictory. However, the contradiction
is apparent only, because the three integration points are close to their asymptotic solutions, where the
implicit, asymptotic, integration method is very accurate. The regions within which the ten integration
points are in greatest error are the transient domains where the back stress is rapidly evolving. The use of
a higher order, asymptotic, integration method would reduce this error. One important observation about
this integration method is that the error generated in the transient domains does not propagate with the
solution into the asymptotic domains. This is because the correct asymptotic solution of the differential
equation is contained within the linear, implicit, asymptotic, integration method.

9.4.2 A Trapezoidal Algorithm

For implicit, trapezoidal, Euler-Maclaurin integration, one has
Ralt + At = Ry ft]eme=dt 4 L (0,‘71 [tle=%=8 + V) [X, [t + Az]]) At

for the integration algorithm, where

_ptH R (1€t + Al
o= 5 (el * e at)
and
_ 0 (rl A [Pl | rlt+ Af] - Alt + At] [[€7]t + At]]]
o =3 (U - Y+ A )
The set of associated iteration functions is therefore given by
_p+H €M) e Hen e 3l
7tienh = 1 (g + i) -t
and
Fal{er ] = g it - ’;Et[]t]”ép[t]” +
[T Y Heahl] = Y Heahal] 1€ e, eahall

- {92}/\!

Y[{02}:]

which is solved through Newton-Raphson iteration, as described in the previous subsection.
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The capability of this integration method is shown in Fig. 12 for the same loading history that was used in
Fig. 11. The solid line represents 250 integration points, and is the exact response. For all practical purposes,
it is identical to the solid line of the previous figure. Good predictions are made with 50 integration points.
When 25 integration points are used, there is an error of about six percent between the exact and predicted
values. As the time steps are increased in size this error increases. For 10 time steps the error approaches
fifty percent. Clearly one must monitor the size of the time step when using trapezoidal integration so as
to secure accurate answers. It is also apparent in Fig. 12 that the trapezoidal solution does not converge
toward the asymptotic solution, as is the case in the linear, asymptotic, mtegratxon method for the reasons
stated below. :

The inaccuracies attendant on the larger time steps are due to the representatxon in equation (126). The
right hand side of this equation contains the term ||€P || which depends in a highly nonlinear manner on the
variable X;; on the left hand side of the equation. As previously demonstrated in Examples 2 and 3, better
accuracy can be achieved if this circumstance is avoided.

10 Concluding Remarks

Generally, the methods which employ asymptotic Taylor expansions to evaluate the nonhomogeneous integral
are suitable for stiff and boundary layer problems, whilst the trapezoidal and asymptotic Euler-Maclaurin
expansions of the integral are more suited to general equations. The integration algorithms developed herein
offer marked improvements in accuracy and stability over existing integration algorithms for systems of
nonhomogeneous, nonlinear, first order, ordinary differential equations. These new algorithms are reviewed
in the Overview, section 3. Several of these algorithms are asymptotically correct, thereby enabling large

time steps to be used while retaining stability and accuracy. In all cases, accuracy is greatly enhanced if
the right hand side of the equations (the nonhomogeneous contributions) can be made to be zero valued
(homogeneous), constant valued, or slowly varying functions of the other variables in the system of equations
being integrated. Four examples are presented to demonstrate the viability of these new algorithms. Various
solution strategies are given for each example to demonstrate the advantage of proper construction of a
solution procedure.
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Figure 1: Exact solution and points of integration for Example 1.
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Figure 2: Relative error of integration compared with the number of steps used to integrate out to point A
in Example 1.
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Figure 3: Explicit, forward Euler and linear, implicit, asymptotic (Taylor) solutions for the AIDS model of
Example 2. 400 integration points.
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Figure 4: Implicit trapezoidal (Euler-Maclaurin) solutions for the AIDS model of Example 2.
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Figure 5: Explicit, forward Euler and linear, implicit, asymptotic (Taylor) solutions for the AIDS model of
Example 2. 40 integration points.
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Figure 6: Homogeneous, implicit, trapezoidal (Euler-Maclaurin) solution for the AIDS model of Example 2.
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Figure 7: Linear, implicit, asymptotic {(Taylor) solution of the Lotka-Volterra equations. At = 0.1.
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Figure 11: Linear, implicit, asymptotic (Taylor) solution for the viscoplastic model of Example 4. ¥ =
+0.001s~!. T =500°C. Y|,_, = 1MPa.
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Figure 12: Implicit trapezoidal (Euler-Maclaurin) solution for the viscoplastic model of Example 4. v =
+0.001s™!. T =500°C. Y|,_, = 1 MPa.
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